



Topology and its Applications 86 ( 1998~ 63-67 
APPLICATIONS 
The dimension of an LCA group in its Bohr topology 
Salvador Hernhndez I-’ 
lfrtivervittrt Jaumr I, Depcrrtunwnio de h4utrmdticas. Campus dr Perqeta Roja, 1207/-Castullcin. Spcdrl 
Received 4 June 1996: revised 19 September 1996 
Abstract 
Let G be a locally compact Abelian group and let G+ denote the same group endowed with the 
Bohr topology. That is, the topology that the group receives from its Bohr compactification. We 
prove that the covering dimension of G is preserved by the Bohr topology of the group. 0 1998 
Elsevier Science B.V. 
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In his review to the paper of Trigos-Arrieta [22] MR 92h:22009, TkaEenko remarked 
the interest of finding out whether or not realcompactness or dimension were preserved 
by the Bohr topology of a locally compact Abelian (LCA) group. That is. the topology 
that the group receives as a subgroup of its Bohr compactification. The problem of 
preservation of realcompactness has already been widely treated in [2]. This note is 
addressed to study the second question suggested by TkaEenko. We prove that the Bohr 
topology of an LCA group preserves the covering dimension of the group. 
From here on. G is an LCA group and Gf denotes the same group provided with 
its Bohr topology. When G is discrete, the group with its Bohr topology is usually 
denoted by G# after van Douwen [8]. The study of invariant properties for the Bohr 
topology of an LCA group has accumulated already a good number of publications. 
The interested reader can find most of them in Trigos-Arrieta [21-231, Comfort et al. 
[3,2,7], Remus and Trigos-Arrieta [16] and Galindo and Hernkndez [lo], to quote the 
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most recent contributions. The papers by Shakhmatov [17,18] deal extensively with the 
study of dimension problems in the realm of topological groups. 
It is well known that any LCA group G is topologically isomorphic to a group of the 
form R” x Go where n < w and Go contains a compact open subgroup [12, 24.301. 
Moreover, Cleary and Morris [ 1] proved that, if K is a compact open subgroup of Go, 
then G is homeomorphic to IR” x Go/K x K. In the same way, it is also well known 
that, if K is a compact Abelian group with dim K > m, then K contains a subspace 
homeomorphic to nz”=, Xi, where each Xi is homeomorphic to the open interval (0, 1) 
[ 12, 24.27, 24.281. 
Assume that G is an LCA group homeomorphic to R” x Go/K x K in the terms 
described above. Then, dim G 2 dimW + dim K (see [9, Theorem 3.2.141). On the 
other hand, suppose that dim K > p < w, then K contains a subset homeomorphic 
to a compact cube C with dimC = p. That is, the group G being homeomorphic to 
IR” x Go/K x K contains a subset that is homeomorphic to a compact cube of dimension 
n + p and, therefore, dim G > n + p. Hence, it follows that dim G = dim Rn + dim K. 
Suppose that dim G > n + p, with dim K > p. Then G contains a subset I that is 
homeomorphic to a compact cube of dimension n + p. Compact subspaces with their 
topologies are preserved by the Bohr topology of LCA groups [l 11, therefore, G+ con- 
tains a compact subset, I, with dim 1 3 n + p. Thus dim Gf 3 n + p. In other words, 
it is clearly verified that the inequality dimG+ 3 dimG always holds. 
Next, we shall prove that inequality dimG + 6 dimG is also true. In order to do it, 
some technical lemmas are needed. 
Lemma 1. Let (G, r) be a totally bounded group. There always exists a totally bounded 
zero-dimensional topology r] on G which is jiner than T and such that UJ(ITI ) = w(r). 
Proof. Since the topology T is totally bounded, by [4, Theorem 1.21, there exists a 
subgroup H c Hom(G, T) such that H generates the topology 7. Now, let Al and 
A2 be proper subgroups of T such that T = Al x A2 algebraically (see [12, A.141). 
Endow Al and A2 with the standard topology inherited as subgroups of T. The mapping 
h : A1 x A2 + T defined by h(a, b) = a + b is continuous and its inverse mapping hh’ 
is a group homomorphism. For every cp E H define vi = rri oh-’ o cp, 1 6 i < 2, where 
xi : A1 x A2 -+ Ai denotes the canonical projection of the product. Since both groups Al 
and A2 are zero-dimensional and ri is induced by an embedding into a power of Al x AZ, 
the subgroup generated by {pi: 1 < i < 2, cp E H} defines a zero-dimensional topology 
71 on G that has the same weight that r (see [6, Lemma 2.11 and [8, Theorem 3.11). 
Also, it is easily verified that cp = (pi + ‘p2 for all cp E H. Hence cp is continuous with 
respect to ri. This proves that ri is finer than 7. 0 
Lemma 2. Let (G, r) b e a totally bounded Abelian group containing a compact subgroup 
K. Then there exists a finer totally bounded group topology 71 such that rt 1~ = r/1(, 
the quotient group (G/K, 71/K) is zero-dimensional and ~(71) = w(r). 
S. Hernhdez / Topology and its Applications 86 (1998) 6347 65 
Proof. Take the quotient group (G/K, r/K). By Lemma 1, there exists a totally bounded 
topology Y’ on G/K which is zero-dimensional T- 3 r/K and w(T") = w(r/K). 
Endow the group G with the initial topology 71 generated by the homomorphisms 
lG:G + (G,r) and 7r:G + (G/K,Y). It is clear that 711~ = rl~? W(TI) = U(T) 
and 7-1 /K is zero-dimensional. 0 
Lemma 3. Let p: K + H be a surjective continuous homomorphism of a compact 
Abelian group K onto the topological group H. Then dim K > dim H. 
Proof. Since cp is an epimorphism of K onto its image, if follows that the dual mapping 
9” : HA -+ K” is a monomorphism of discrete groups. Hence, the free rank of HA is 
less or equal that the free rank of K”. By [12,24.28], it follows that dim H < dim K. 0 
Next, we prove the main result of this paper. To do it, we shall make use of the 
following characterization of the covering dimension given by Smimov [ 191. 
Theorem 1. A completely regular space X satisfies the inequality dimX < n > 0 if 
and only if for every closed subspace A of the space X and each continuous mapping 
f : A + S” which is the restriction of a continuous mapping f - : X + IV’+’ there exists 
a continuous extension F : X -+ S” off over X. 
Theorem 2. Let G be an LCA group. Then dimG = dimG+. 
Proof. As it was noted at the beginning of this note, only the inequality dim G 3 dim G+ 
need to be verified. Every LCA group G is topologically isomorphic to a product of the 
form IP x Go, where n < w and Ga contains a compact open subgroup K. Since the 
Bohr compactification is distributive with respect to Cartesian products of topological 
groups (see, for example, the paper of de Vries and HuSek [14] and the bibliography 
given there), it is clear that the group Gf is topologically isomorphic to (IF?)+ x G,f. 
That dim(lFP)+ = dim IR” = n is a consequence of countable sum theorem of dimension 
for normal spaces [9, 3.1.81. Indeed, the group (lP)+ is o-compact, a fortiori, normal 
and can be set as a countable union of cubes of dimension equal to n. 
On the other hand, the group G+ is totally bounded, therefore, dim G+ > dim@“)+ + 
dim G,f [ 18, 3.31. Thus, if we prove that dim Ga 3 dim Gt , then we are done. 
Assume that dimGo < n. We shall verify that dimGo+ < n by means of Smimov’s 
theorem quoted above. 
Let A be a closed subset of G,f and f : A + S” a continuous mapping which is 
the restriction of a continuous mapping f- : Gi + EP+‘. It is a result of TkaEenko 
[20] that every totally bounded group is R-factorizable. Therefore, there exist a totally 
bounded group H with a countable base, a continuous homomorphism cp : G$ + H and 
a continuous mapping g- : H + IBnf’ such that f- = g- o y. 
Consider the group (H, -r) and its compact subgroup ‘p(K). By Lemma 3, dim ‘p(K) < 
dim K. Also, by Lemmas 1 and 2, there is a finer totally bounded topology with a 
countable base, 71. that is zero-dimensional (therefore, strongly zero-dimensional) and 
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such that rt lpcK) = +cKI. Moreover, the topology 71 is the initial topology generated 
by the homomorphisms 1~ : H + (H, T) and 7r : H 4 (H/p(K). T”), where Y is 
a zero-dimensional totally bounded topology with countable weight which is finer than 
r/p(K). Hence, it follows that the homomorphism 7r: (H: q) - (H/p(K), 7”) is a 
quotient mapping and, being p(K) compact, is also perfect. Thus, by a theorem of Morita 
and Nagami, it follows that dim(H, rr) < dimcp(K) < dimGz = n (see [9] or [15]). 
On the other hand, the homomorphism 9 : G,f + (H. TI ) is continuous. Indeed, we 
must check that the composition of p with the homomorphisms 1~ : H - (H, T) and 
n:H - (Hldh’)? T”) are, respectively. continuous. Clearly, 1~ 0 (13 is continuous. 
Take n o cp : Go+ ---) (H/p(K):r”). Since h’ c Ker(rr o ip), if ~1 :G$ + Gz/h7 
denotes the canonical projection homomorphism, then there exists a homomorphism 
Q: Go/h’ 4 H/y(K) with J 1 o xl = r o p. The group Go/h’ is discrete and, by [22, 
2.21, Gof/h- = (Go/K)#. Th’ IS means that every homomorphism defined on (Go/K)” and 
with range into a totally bounded group is continuous [5, p. 391. Thus. 41: (Go/h’)” + 
(H/p(K), T”) is a continuous homomorphism and, as a consequence, 7r o cp = r/l o 7rt is 
also continuous. 
Let 9 : c~(H.~,) P(A) + 9 the mapping defined as g = glitH,r,) yc_41. Then, f = g o cp 
on the subset A. Since dim{ H, q ) < n., there exists a continuous extension FI : (H, ~1) + 
S” of g over H. If we define F: Gz + S” by F = FI o p, then F is the required 
continuous extension of f over Gz. q 
Acknowledgement 
The author is indebted to Professor Jan van Mill for his helpful suggestions about the 
subject. 
References 
[1] J. Cleary and S.A. Morris, Topologies on locally compact groups, Bull. Austral. Math. Sot. 
38 (1988) 105-111. 
[2] W.W. Comfort, S. Hernandez and F.J. Trigos-Arrieta, Relating a locally compact Abelian 
group to its Bohr compactification, Adv. in Math., to appear. 
[3] W.W. Comfort, K.H. Hoffmann and D. Remus, Topological groups and semigroups, in: 
M. HuSek and J. van Mill, eds.. Recent Progress in General Topology (Elsevier, Amsterdam, 
1992) pp. 59-144. 
[4] W.W. Comfort and K.A. Ross. Topologies induced by groups of characters, Fund. Math. 55 
( 1964) 283-29 1. 
[5] W.W. Comfort and V. Saks. Countably compact groups and finest totally bounded topologies, 
Pacific J. Math. 49 (1973) 3344. 
[6] W.W. Comfort and F.J. Trigos-Arrieta. Remarks on a theorem of Glicksberg, in: S. Andima, 
P.R. Misra. J.Z. Reichman, A. Todd, eds., General Topology and Applications 134 (Marcel 
Dekker. 1991) 25-33. 
]7] W.W. Comfort, F.J. Trigos-Arrieta and T.S. Wu, The Bohr compactification, modulo a 
submetrizable subgroup, Fund. Math. (1993) 119-136. 
S. Herndndr: / Topology trnd its Applicurions 86 (199X) 6347 hl 
]S] E.K. van Douwen. The maximal totally bounded group topology on C: and the biggest minimal 
G-space for Abelian groups C. Topology Appl. 34 (1990) 69-91. 
[9] R. Engelking. Dimension Theory (PWN-Polish Scientilic Publishers, Warszawa/North- 
Holland, Amsterdam. 1978). 
[ IO] J. Galindo and S. Hernandez. Transmission of continuity to the Bohr topology. Topology Appl. 
77 (1997) lhl-17.5. 
[I I] I. Glicksberg. Uniform boundedness for groups, Canad. J. Math. I-1 (1962) 269-276. 
[ 131 E. Hewitt and K. Ross, Abstract Harmonic Analysis. Vol. I. Grundl. Math. Wiss.. Vol. I IS 
(Springer, Berlin, 1963). 
[ 131 E. Hewitt and K. Ross, Abstract Harmonic Analysis. Vol. 11. Grundl. Math. Wiss.. Vol. IS2 
(Springer, Berlin, 1970). 
[l-t] M. HuSek and J. de Vries. Preservation of products by factors close to reflectors, Topology 
Appl. 27 (1987) 171-189. 
[ 151 J. Nagata, Modern Dimension Theory (North-Holland. Amsterdam, 1965). 
[ 161 D. Remus and F.J. Trigos-Arrieta, Abelian groups which satisfy Pontryagin duality need not 
respect compactness, Proc. Amer. Math. Sot. I I7 ( 1993) I 195-I 200. 
[ 171 D.B. Shakhmatov, Imbeddings into topological groups preserving dimensions. Topology Appl. 
36 (1990) 181-204. 
[ 181 D.B. Shakhmatov, A survey of current researches and open problems in the dimension theory 
of topological groups, Questions Answers Gen. Topology 8 (1990) 101-128. 
[I91 J.M. Smirnov. On the dimension of proximity spaces. Amer. Math. Sot. Transl. Ser. (2) 21 
( 1962) l-20: Russian original in: Mat. Sb. 38 (1956) 283-302. 
[?O] M.G. Tkacenko. Factorization theorems for topological groups and their applications. 
Topology Appl. 38 (1991) 31-37. 
[ 2 I ] F.J. Trigos-Arrieta. Pseudocompactness on groups, Ph.D. Thesis, Wesleyan University, 
Middletown. CT ( 199 I ). 
[32] F.J. Trigos-Arrieta. Continuity, boundedness. connectedness and the Lindelof property for 
topological groups. J. Pure Appl. Algebra 70 (I991 ) 199-210. 
13-31 F.J. Trigos-Arrieta. Every uncountable Abelian group admits a nonnormal group topology, 
Proc. Amer. Math. Sot. I22 (3) (1994) 907-909. 
